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We study a model where photons interact with hidden photons and millicharged particles through
a kinetic mixing term. Particularly, we focus in vacuum birefringence effects and we find a bound
for the millicharged parameter assuming that hidden photons are a piece of the local dark matter
density.
I. INTRODUCTION
The vacuum birefringence induced by external constant magnetic fields is a widely studied problem for several
reasons [1–3], the first one is because the birefringence induced by external constant magnetic fields is experimentally
interesting itself [4] and the second one is because quantum electrodynamics in an external magnetic field is an ideal
theoretical model where one could study axions [5–8].
From the classical point of view the so called Cotton-Mouton effect is a phenomenon where a polarized light passes
through a material in presence of a strong magnetic field and clear signal of birefringence appears [10]. This effect has
been the starting point for many approaches and experiments trying to measure changes in polarization plane and
ellipticity as signals of vacuum birefringence and existence of axions and millicharged particles [11].
Technically this problem is studied through the effective (Euler-Heisenberg ) Lagrangean
Leff = −
1
4
F 2 − i ln det
(
i /D[A]−me
)
,
where the substitution Fµν(A) → Fµν(A) + F
ext
µν is understood, with Fµν(A) and F
ext
µν the dynamical an external
fields respectively.
The explicit calculation yields to [1–3]
Leff = −
1
4
Fµν(A)F
µν (A) +
α2
90m2e
[
(Fµν(A)F
µν(A))
2
+
7
4
(
Fµν(A)F˜
µν (A)
)2]
+ · · · , (1)
where α = e
2
4pi is the fine structure constant. Thus, the presence of an external static magnetic field B0 works like a
birefringent medium with parallel and perpendicular refractive n‖ and n⊥ indices and the difference between both is
given by
∆n = n⊥ − n|| =
α
30π
(
B0
Bcr
)2
, (2)
where Bcr = m
2
e/e.
The study of modified Maxwell equations by axion matter has been performed in many papers [5–9] emphasizing
different viewpoints and, particularly, its implications in optical experiments. In the seminal work [7] an exhaustive
study was done and the consequences of axions observability discussed in connections with the ellipticity and rotation
of the plane of polarization [5].
However one would like to go further and incorporate other fields such as the light sector of dark matter by increasing
the gauge group
U(1)→ U(1)× U ′(1), (3)
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2where U ′(1) parameterizes the hidden photon sector [12].
The gauge group (3) provides of direct way to incorporate interactions by using gauge invariance as basic criteria
and, therefore by following the analogy with (1), one should have an effective Lagrangean such as
L = Lf −
1
4
F 2(A) −
1
4
F 2(B) +
ξ1
2
F (A)F (B) +
ξ2
2
(
F (A)F˜ (B)
)2
+
ξ3
2
(F (A)F (B))
2
+ · · · , (4)
where Lf the purely fermionic part, ξ1,2,3 are unknown coefficients and F (A)F (B) ≡ Fµν(A)F
µν (B) is the kinetic
mixing term [12].
This effective Lagrangian leads to a set of modified Maxwell equations whose solutions are consistent with solutions
in a refractive medium.
The purpose of this research will be study the effects due to birefringence and the possibility of observing them
considering that the fields produced in the Maxwell equations are due to the presence of dark matter hidden photons
sources as in the circuit-LC studied in [13, 14]1.
II. HIDDEN SECTOR PHOTONS AND MILLICHARGED PARTICLES
In order to carry out the idea outlined above let’s starting considering the following Lagrangean
L = LQED +LhQED +LKM , (5)
where
LQED = ψ¯(i/∂ − e /A−me)ψ −
1
4
FµνF
µν , (6)
LhQED = χ¯(i/∂ − eh /A
′
−mh)χ−
1
4
F ′µνF
′µν +
m2
2
A′µA
′µ, (7)
LKM =
ξ
2
FµνF
′µν , (8)
where χ and A′µ are the hidden fermions and photons fields, respectively, and m the hidden photon mass.
Integrating-out the fermions χ we obtain the following effective Lagrangean
Leff = LQED −
1
4
F ′µνF
′µν +
m2
2
A′µA
′µ
+
ξ
2
FµνF
′µν +
κ
8
[(
F ′µνF
′µν
)2
+
7
4
(F ′µν F˜
′µν)2
]
+ · · · , (9)
where
κ =
1
180π2
(
eh
mh
)4
. (10)
However, the dynamical effects of the Lagrangian (9) in an external hidden electromagnetic field F ′0µν are figured
out from the solutions of the equations of motion, namely
∂µF
µν = −ξ∂µF
′µν + jν , (11)
∂µF
′µν +m2A′ν = −ξ∂µF
µν + κ∂µH
µν , (12)
where Hµν has been defined as
Hµν = 2F ′0αβF
′αβF ′µν0 + F
′
0αβF
′αβ
0 F
′µν +
7
2
F ′0αβ F˜
′αβF˜ ′µν0 +
7
4
F ′0αβ F˜
′αβ
0 F˜
′µν . (13)
These are the full set of equations of motion once the hidden fermions have been integrated-out. The next step is
more technical because we must solve the equations of motion by assuming that hidden photons make up the local
dark matter. The birefringence effects in external electromagnetic fields have been studied, for example in [15], but
in this paper in the appendix, we will provide additional arguments in this directio.
1 Although the literature in this field is very extense, see for example [8].
3III. BIREFRINGENCE IN THE PRESENCE OF DARK MATTER AS HIDDEN PHOTONS
In order to find the effects of birefringence, we work on the photon-hidden photon oscillation picture where
aµ = A′
µ
+ ξAµ.
The equations (11) and (12) transform to
∂µF
µν + ξ2m2Aν = ξm2aν − ξκ∂µH
µν(a,A), (14)
∂µf
µν +m2aν = ξmAν + κ∂µH
µν(a,A), (15)
where fµν = F
′
µν + ξFµν . Using the fact that f
µν and Hµν are antisymmetric tensors, the four-divergence of (15)
implies ∂µa
µ = ξ∂µA
µ = 0 in the Lorentz’s gauge, then the equations (14) and (15) become
(+ ξ2m2)Aν = ξm2aν − ξκ∂µH
µν(a− ξA), (16)
(+m2)aν = ξm2Aν + κ∂µH
µν(a− ξA). (17)
One way to see birefringence effects is through the propagation of a laser beam. This could acquire a visible ellipticity
and rotation in the polarization vector. If we initially have a linearly polarized laser spreading in the direction xˆ, the
problem can be treated in one spatial dimension. Equations (14) and (15) can be solved by perturbation theory, by
defining
Aµ = A
(0)
µ + ξ
2A(2)µ + ξ
4A(4)µ + · · ·
aµ = ξa
(1)
µ + ξ
3a(3)µ + ξ
5a(5)µ + · · · , (18)
where we have denoted the scalar and vector potentials as
a(i)µ = (ϕ
(i),−a(i)), A(j)µ = (φ
(j),−A(j)), i = 1, 3, · · · , j = 2, 4, · · · ,
and A
(0)
µ is the free laser electromagnetic field defined as
A(0)(x, t) = αeiω(x−t), φ(0) = 0, (19)
where α is the initial polarization vector in the yz plane and ω the frequency of the laser field. At this point, except
for A
(0)
µ , the fields should be found solving equations (16) and (17) with the boundary conditions
a(i)µ (0, t) = A
(j)
µ (0, t) = 0. (20)
Hidden Photons has been proposed as a dark matter candidates [16]. In such case, the dark matter field is described
by a hidden electric field D(t), which oscillates periodically at a frequency equal to the hidden photon mass and which
is related to the local dark matter density ρDM through
〈
D2(t)
〉
= 2ρDM, where 〈 〉 denotes a temporal average. We
write the external hidden electromagnetic tensor and its dual as
F ′0αβ =


0 0 0 D(t)
0 0 0 0
0 0 0 0
−D(t) 0 0 0

 , F˜ ′0αβ =


0 0 0 0
0 0 D(t) 0
0 −D(t) 0 0
0 0 0 0

 . (21)
Note that quantum effects will bee seen at second order in ξ for Aν . At first order in ξ, (17) becomes
(∂2t − ∂
2
x +m
2)a(1) = m2
(
α−
4κD2ω2
m2
β
)
eiω(x−t), (22)
where we have assumed that D(t) is constant compared with the high frequency of the laser and β = yˆ 74αy + zˆαz.
Since the scalar potential does not receive extra contributions because there are no sources, we find ϕ(1) = 0. For
the vector potential it is convenient to write a(1)(x, t) = e−iωta(1)(x) by assuming that m ≪ ω and to make the
approximation ∂2x + ω
2 = (−i∂x + ω)(i∂x + ω) ≈ 2ω(i∂x + ω).
These assumptions transform (22) into
(i∂x + ω − q)a
(1)(x) = −q
(
α−
4κD2ω2
m2
β
)
eiωx, (23)
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FIG. 1: This plot shows the regions of the space of parameters presently used for searching for hidden photons [17]. The gray
region corresponds to the discarded hidden photons one. The pink regions are the parameters space where these particles can
be dark matter. The dark pink one is where our results are valid.
where we have defined q = m
2
2ω .
The above equation is solved with the boundary condition (20), we obtain
a(1)(x) =
(
α−
4κD2ω2
m2
β
)
(1− e−iqx)eiωx. (24)
Following the same arguments above, at second order in ξ we have φ(2) = 0 and the spatial part of equation of
motion (16) becomes
(i∂x + ω)A
(2)(x) = q
(
αe−iqx +
4κD2ω2
m2
β(1− 2e−iqx)
)
eiωx (25)
whose solution is given by
A(2)(x) = −
(
α(1− e−iqx)−
4κD2ω2
m2
β(2− iqx− 2e−iqx)
)
eiωx. (26)
When the polarization of a laser beam is described by the components Ay = αy(1 + ηy + iσy)e
iω(x−t) and Az =
αz(1 + ηz + iσz)e
iω(x−t), where σy,z ≪ 1 and ηy,z ≪ 1, the ellipticity ε and rotation δθ are given respectively by
ε =
sin 2θ0
2
(σz − σy) (27)
and
δθ =
sin 2θ0
2
(ηz − ηy), (28)
where θ0 is the initial polarization angle. Taking the result (26) and assuming θ0 = π/4 , we find an ellipticity
ε =
3ξ2κω2ρDM
m2
|qx− 2 sin qx| (29)
and a rotation
δθ =
6ξ2κω2ρDM
m2
(1− cos qx). (30)
Taking into account the last result of the PVLAS experiment [11], we can obtain a bound for ǫ/mh, where ǫ is the
millicharge parameter defined in this case as ehξ/e. The experiment worked with laser frequency ω ∼ 1eV and used a
5Fabry-Perot cavity, which the effective path of the laser beam is L = 1.3×106m. It found no signals with a sensitivity
of ε ∼ 10−10. On the other hand, the estimates of the local dark matter density is given by ρDM = 300MeV/cm
3.
With these data imply that
ǫ < 9.82× 10−4
√
ξ
(mh
eV
)
. (31)
This result is a bound for hidden sector fermions if dark matter is composed by hidden photons. It is important to
mention that the bound (31) is valid only in a certain space of parameters (ξ,m). Such a limitation is due to the
fact that the calculations were made with the equations of motion provided by lagrangian (9), which was truncated
at first order in κ. Thus, the perturbation theory remain valid in the limit κD2 ≪ 1. This result and the bound
(31) are consistent with the parameters space showed in figure (1) [16, 17]. Another concern that must be taking into
account is that we have assumed a laser propagating orthogonally to the dark matter hidden electric field. We do not
know whether the dark matter vector has a preferred direction in space or whether it is randomly oriented. In the
two cases, we must to add a factor κ = sin2 θ to the results in ellipticity and rotation, where θ is the angle between
the laser beam and the dark matter electric field. As it was argued in reference [14], if the hidden electric field has a
preferred direction, we can take the conservative choice κ = 0.05, where its real value is bigger with a 95% confidence
level. On the other hand, if this vector is randomly oriented, we average over all possible angles, thus κ = 0.5.
Acknowledgements: This work was supported by USA-1555.
Appendix A: Birefringence in the presence of an external static electric field
Let’s consider an static electric field E = zˆE0 inside two parallel conducting plates, separated by a distance d. If
the electric field is normal to the plates plane, the total charge density in the plates is given by
ρ = ∇ ·E = zˆ∂z(E0Θ(z)Θ(d− z))
= E0(δ(z)− δ(z − d)).
Replacing (11) into (12), one can see that charge density should induce a hidden electric field E′0 (as we will see later).
At first order in ξ, the static equations associated to (12) is
(∂2z −m
2)φ′(z) = ξE0[δ(z)− δ(z − d)], (A1)
whose solution is
φ′(z) = ξE0
∫ ∞
−∞
dz′G(z − z′)[δ(z′)− δ(z′ − d)], (A2)
where G(z − z′) is the Green’s function of the problem given by G(z − z′) = −e−m|z−z
′|/(2m). For 0 < z < d, we
have the solution φ′(z) = − ξE02m [e
−mz − e−m(d−z)] and the hidden magnetic field is given by
E′0 = −zˆ∂zφ
′(z) = −zˆ
ξE0
2
[e−mz + e−m(d−z)]. (A3)
If md≪ 1 the external hidden magnetic field is −zˆξE0 and, therefore, the electromagnetic tensor given by
F ′0αβ =


0 0 0 −ξE0
0 0 0 0
0 0 0 0
ξE0 0 0 0

 , F˜ ′0αβ =


0 0 0 0
0 0 −ξE0 0
0 ξE0 0 0
0 0 0 0

 . (A4)
Proceeding as in section III, we find that vacuum birefringence effects occur at fourth order in ξ. The fourth order
electromagnetic field is given by
A(4)(x, t) = α[1− (1− iqx)e−iqx]eiω(x−t) + 2iκE20βωxe
−iqxeiω(x−t). (A5)
This leads to an ellipticity and rotation given by
|ε| =
3
4
ξ4κE20ωx| cos(qx)| (A6)
and
|δθ| =
3
4
ξ4κE20ωx| sin(qx)|, (A7)
respectively.
6Appendix B: Birefringence in the presence of an external static magnetic field
Let’s consider an static constant magnetic field in a region 0 < x < L and pointing in the direction zˆ then, the
current density induced by this magnetic field is given by
J = ∇×B = −yˆ∂x(B0Θ(x)Θ(L− x))
= −yˆB0(δ(x) − δ(x− L)).
Replacing (11) into (12), one can see that current density should induce a dark magnetic field B′0.
At first order in ξ, the static equations associated to (12) is
(∂2x −m
2)A′ = −yˆξB0[δ(x) − δ(x− L)]. (B1)
The solution is found with the green’s method such as in appendix A. For 0 < x < L, we have A′(x) = yˆ ξB02m [e
−mx −
e−m(L−x)] and the hidden magnetic field is
B′0 = zˆ∂xA
′ = −zˆ
ξB0
2
[e−mx + e−m(L−x)]. (B2)
Therefore, we write the F ′ and F˜ ′ tensors as
F ′0αβ =


0 0 0 0
0 0 ξB02 0
0 − ξB02 0 0
0 0 0 0

 (e−mx + e−m(L−x)), F˜ ′0αβ =


0 0 0 ξB02
0 0 0 0
0 0 0 0
− ξB02 0 0 0

 (e−mx + e−m(L−x)). (B3)
We find that vacuum birefringence effects occur at fourth order in ξ again. The fourth order electromagnetic field is
given by
A(4)(x) = α[1− (1 + iqx)e−iqx]eiωx +
i
2
κB20ωxβ˜
(
2e−mL + f(2mx) + e−2mLf(−2mx)
)
e−iqxeiωx, (B4)
where β˜ = yˆαy + zˆ
7
4αz and f(ρ) = (1− e
−ρ)/ρ. This leads to an ellipticity and rotation given by
|ε| =
3
16
ξ4κB20ωx| cos(qx)|
(
2e−mL + f(2mx) + e−2mLf(−2mx)
)
(B5)
and
|δθ| =
3
16
ξ4κB20ωx| sin(qx)|
(
2e−mL + f(2mx) + e−2mLf(−2mx)
)
, (B6)
respectively.
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